In this paper, we define a geometric circulant matrix whose entries are the generalized Fibonacci numbers and hyperharmonic Fibonacci numbers. Then we give upper and lower bounds for the spectral norms of these matrices. MSC: Primary 15A60; 11B39; secondary 15B05
Introduction
The circulant and r-circulant matrices have important applications in numerical analysis, probability, coding theory, and so on. An n × n matrix C r is called an r-circulant matrix if it is defined as follows: In view of the above papers, we define a new circulant matrix which is called geometric circulant matrix and give upper and lower bounds for the spectral norms of this matrix with the generalized Fibonacci and hyperharmonic Fibonacci numbers by using the same method given in [].
Preliminaries
The well-known Fibonacci and Lucas sequences are defined by the following recurrence relations: for n ≥ ,
where F  = , F  = , L  =  and L  = , respectively. The generalized Fibonacci and Lucas sequences, {U n } and {V n }, are defined by the following recurrence relations: for n ≥ , and any non-zero integer p,
where U  = , U  = , V  =  and V  = p. If we take p = , then U n = F n and V n = L n . Let α and β be the roots of the characteristic equation x  -px - = . Then the Binet formulas for the sequences {U n } and {V n } are given by
On the other hand, Yazlık and Taskara examined the generalized k-Horadam numbers via the following recurrence relations: 
and if we take
and F  = . Then they gave for the sum of the squares of hyperharmonic Fibonacci numbers as follows:
Now we give some definitions and Lemmas related to our study.
Definition  An n × n matrix C r * is called a geometric circulant matrix if it is of the form
We denote it for brevity by C r * = Circ r * (c  , c  , c  , . . . , c n- ). Note that, for r = , geometric circulant matrix turns into circulant matrix given in [, ] . In fact, in [, ], the authors calculated the spectral norms of the circulant matrices with the generalized Fibonacci and hyperharmonic Fibonacci numbers. Then the following inequalities hold between the Euclidean norm and the spectral norm:
Definition  Let
Definition  Let A = (a ij ) and B = (b ij ) are each m × n matrices, then their Hadamard product is the m × n matrix of elementwise products
Lemma  [] Let A and B be two m × n matrices. We have
where
Main results
Proof We have the matrix
(i) From |r| >  and definition of Euclidean norm, we have
from (), we have
On the other hand, let the matrices A and B be defined by
Then we obtain
From Lemma , we have
Thus, we have
(ii) From |r| < , we have
That is, U r * = A • B. Then we obtain
Hence, from Lemma , we have
(ii) If |r| < , then
Thus we have
r * is of the form
and from the definition of Euclidean norm, we have
(i) From |r| > , we have
Thus from () and (),
On the other hand let the matrices A (k) and B (k) be defined by
From Lemma  and (), we have
which is desired result.
From () and (),
On the other hand, let the matrices A (k) and B (k) be defined by From Lemma  and (), we have
n- .
Conclusion
In this paper we approximated lower and upper bounds of the spectral norms of geometric circulant matrices with the generalized Fibonacci and hyperharmonic Fibonacci numbers.
If we take p =  and p =  in Theorem , we obtain lower and upper bounds of the spectral norms of geometric circulant matrices with the Fibonacci and Pell numbers, respectively. Similarly if we take p =  and p =  in Theorem , we obtain lower and upper bounds of the spectral norms of geometric circulant matrices with the Lucas and Pell-Lucas numbers, respectively. In the future it may be possible that one can generalize our results to the Horadam, tribonacci and tribonacci-like sequences.
